Abstract. Let S(n, k) denote the Stirling numbers of the second kind. We prove that the p-adic limit of S(p e a+c, p e b+d) as e → ∞ exists for any integers a, b, c, and d with 0 ≤ b ≤ a. We call the limiting p-adic integer S(p ∞ a+c, p ∞ b+d). When a ≡ b mod (p−1) or d ≤ 0, we express them in terms of p-adic binomial coefficients
Main theorems
In [4] , the author defined, for integers a, b, c, and d, with 0 ≤ b ≤ a, p ∞ a+c p ∞ b+d to be the p-adic integer which is the p-adic limit of p e a+c p e b+d , and gave explicit formulas for these in terms of rational numbers and p-adic integers which, if p or n is even, could be considered to be U p ((p ∞ n)!) := lim e U p ((p e n)!). Here and throughout, ν p (−)
denotes the exponent of p in an integer or rational number and U p (n) = n/p νp(n)
denotes the unit factor in n. Here we do the same for Stirling numbers S(n, k) of the second kind; i.e., we prove that the p-adic limit of S(p e a + c, p e b + d) exists, and call it S(p ∞ a + c, p
If a ≡ b mod (p − 1) or d ≤ 0, we express these explicitly in terms of certain
together with certain Stirling-like rational numbers.
We now list our four main theorems, which will be proved in Sections 2 and 4. Let Z p denote the p-adic integers with the usual metric.
Theorem 1.1. Let p be a prime, and a, b, c, and d integers with 0 ≤ a ≤ b. Then the p-adic limit of S(p e a + c, p e b + d) exists in Z p . We denote the limit as
These p-adic binomial coefficients are as introduced in [4] . Let |s(n, k)| denote the unsigned Stirling numbers of the first kind.
For any prime number p, integer n, and nonnegative integer k, define the partial
these results and the standard formula
Explicit formulas are somewhat complicated and are relegated to Section 3. In Section 5 we briefly mention another version of p-adic Stirling numbers of the second kind.
Proofs when
In this section, we prove Theorems 1. if p = 2 and n ≡ 0 mod 2
if p is odd and n ≡ b mod (p − 1) 0 otherwise. 
Proof of Theorem 1.2. The result follows from Theorem 2.1. If p is odd and a ≡ b
Let d p (n) denote the sum of the digits in the p-ary expansion of a positive integer n.
Proof of Theorem 1.3. The first case follows readily Theorem 2.1. If p = 2, this says that ν(S(2 e a + c, 2 e b)) ≥ e − 1 if c is odd, while if c = 2k is even, then, mod 2 e−1 ,
If 0 < k < 2 e−1 , this has 2-exponent
The odd-primary case follows similarly.
The second case of the theorem follows from the result for c = 0 just established and (1.6) by induction. For the third case, write c = −k and d = −ℓ and argue by induction on k and ℓ, starting with the fact that the result is true if k = 0 or l = 0. Then, mod p e ,
implying the result.
The proof of Theorem 1.5 will utilize the following two lemmas. We let lg
Lemma 2.3. If p is any prime and k and d are positive integers, then
Proof. We have
with the first part following from [9, Thm 1.1]. Thus it will suffice to show
The following lemma is easily proved by induction on A. . Now we can prove Theorem 1.5. We first prove it when p = 2, and then indicate the minor changes required when p is odd. Using Theorem 2.2 at the first step and Theorem 2.1 at the second, we have
Thus, using Lemma 2.3 at the first step and Lemma 2.4 at the second, we obtain
.
Letting e → ∞ yields the claim of Theorem 1.5. In the congruence, we have also
In fact, by (2.5) and Table 2 for some explicit values of
We now present the minor modifications required when p is odd and a ≡ b mod (p − 1). Let a = b + (p − 1)t. Then
More formulas and numerical values
In Theorem 1.3, we gave a simple formula for S(p ∞ a + c, p The following result is easily obtained. Here we use that the binomial coefficient in Theorem 1.5 equals
The reader may obtain a better feeling for these numbers from the table of values Table 1 , in which
The first few values of Table 2 . Table 2 . Some values of For c < d − 1, we use (1.6) to work backwards from S(p
We illustrate these values in Table 3 , where again 
We show that for each i, the limit as e → ∞ of 
by [8, p.9(3c) ]. Lemma 4.5 says that for each ℓ, there exists a p-adic integer 
The proof of the lemma breaks into two parts: showing that the p-exponents are eventually constant, and showing that the unit parts approach a limit.
The proof that the p-exponent is eventually constant is very similar to the proof of Lemma 4.3. Let α = (p −1)t+ ∆ with 1 ≤ ∆ ≤ p −1, and choose s minimal such that
Then the p-ary expansions split again into three parts and we obtain that for e > s, the desired p-exponent equals ν p pt+b+∆ b
numerator, A is the product of all j ≡ 0 mod p which satisfy
and B is the product of all integers k such that
Since the mod p e values of the p-adic units in any interval of p e consecutive integers are just a permutation of the set of positive p-adic units less than p e , and by [6, Lemma 1] the product of these is −1 mod p e , we obtain P ≡ (−1)
taken over all k satisfying (4.9). We show that if k satisfies (4.9), then (4.10) ν p (k) ≤ lg p (α).
Then U p (k) ≡ U p (k + p e−1 b) mod p e+νp(b)−lg p (α)−1 , establishing the result.
We prove (4.10) by showing that it is impossible to have 1 ≤ α < p t , 1 ≤ i ≤ [ From (4.11) we deduce α ≡ i(p − 1) mod p t . But i(p − 1) < α, so the only way to satisfy (4.11) would be with α = p t and i = 0, but α < p t .
Another kind of p-adic Stirling number
It is well-known (see, e.g., [7] ) that, if p is any prime and y ≡ 0 mod p − 1, then ν p (S(x + y, k) − S(x, k)) ≥ ν p (y) + 2 − ⌈log p (k)⌉,
provided that x and x + y are greater than k. This implies that for 0 ≤ i ≤ p − 2, there is a continuous function f i,k : Z p → Z p such that f i,k (m) = S(i + m(p − 1), k) for all integers m such that i + m(p − 1) ≥ k. That is, it defines S(x, k) for any p-adic integer x. See [2, p.73] for a related discussion. In [2] , the idea of finding p-adic integers z which are zeros of these functions (i.e., f i,k (z) = 0) is introduced, and its study is continued in [3] .
